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Quantum Chromodynamics @

In Euclidean space with gauge group SU(3) and Nt quark flavours:

N

1 _
O = _ﬁTr[FMVFHU] + Z i [YuDp + mulii
&=

describes a plethora of strongly interacting processes

@ gauge invariant

strong coupling  g>

quark masses mi,t=1,..., N¢

@ N¢ + 1 free parameters { } require physical input
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Quantum Chromodynamics @

In Euclidean space with gauge group SU(3) and Nt quark flavours:

N

1 _
O = _ﬁTr[FMVFHU] + Z i [YuDp + mulii
&=

describes a plethora of strongly interacting processes

@ gauge invariant

strong coupling  g>

quark masses mi,t=1,..., N¢

@ N¢ + 1 free parameters { } require physical input

O regularize & renormalize ~~ g(u), m; ()

@ massless Renormalization Group Eq. (RGE): hadronic input

mass anomalous dimension B-function M, fe -

B Omi(p)
T(g)iﬁ%(#) o

@ Challenge: precise & accurate (high-quality) determination of a.s from 1st principles (Lattice QCD)

O Pitfall: s (1) traditionally quoted at 1 = my in MS scheme
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Running coupling and Lattice QCD @
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Running coupling and Lattice QCD

CERN
\
Z

e = e
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F) 0.4 — T — T — T =
IB g)= Qi_ Q i v Tdecays (N3LO) 1=
@ an( ) as(Q) [ @ Lattice QCD (NNLO) 14
L & DIS jets (NLO) 1
0 g(w) d 0.3 / © Heavy Quarkonia (NLO) 45
o g L o e'e jets & shapes (res. NNLO) {2
In |:7i| = — - ® Z pole fit (N3L0) 1~
y2%) 3(1o0) ﬁ(g) 3 v pp'—> jets (NLO) 1
0.2 |
Asymptotic series at large as? 3 1
g—0  _ _ _ [ } i
B(g) "~ =g’ (bo + 015" + 23" +..) | [ ot i
. ) [ = QCD, as(Myz) = 0.1185(6 1
a) series truncation [ = Q0D (M) = 01850 N L]
b) non-perturbative effects 1 10 100 1000
(instantons, renormalons, you name it) Q[GeV]
4 Perform matching to PT at small as!
Bias when lattice obs. matched to PT.
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Running coupling and Lattice QCD

CERN
\
Z
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Solve RGEs non-perturbatively

O massless finite-volume scheme:”!

@ special purpose observables:® !

m=0,pu=1/L
93 (L), 3&r (L)
@ recursive finite-size scaling:!'” G*2L) =0 (§2(L)) = lim ¥ (gQ(L), a/L)

a—0

= non-perturbative continuum S3(g) for given scheme fmax /min = O(100)
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Our results for Ny = 3" @j

g(u)
_ —b1/(262) _ -2 g 1 1 b
= ‘u[bOQQ(N)] 1 0) o=1/(2b0g” (1)) exp {*/ dg [b’(q) + 7b0g3 — T;g] }
0 P 0

Q@ exact equation V. (or g) in massless scheme for given N¢ and non-perturbative 3(g)
O trivial scheme dependence: Aq /Ay = exp(cqb/2bo) is 1-loop exact, e.g., Aszs/Ask = const
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Our results for Ny = 3"
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Our results for Ny = 3"
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P. Fritzsch

g(m)
b2 ()] T M) 61/ 0770 e {* dg {i b le} }
0 B(g) bog

bog®

@ PDG input enters fi

® Gir(tnaa) = 11.31
B0/ phad = 21.86(42)

@ switch: g2 (2u0) = 2.6723(64)
0 g2p(po) = 2.012

(3) _
AL /o = 0.0791(21)

9 ppr/Hhaa = 349.7(6.8)

AP = 341(12) MeV
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CERN

AL — a¥ (my) via perturbative decoupling 2

Decoupling relation
gV () = gV (w) x € (o™ (), mn/p)  +  O(m,?)

or equivalently relation for A(N) /A (Ne+1)

@ requires further PDG input (MS scheme)

(N¢=5) _
e (7ic) P, (7, n (loops) o Qn — Qp—1
S 1 0.11699
@ O(im, ~) already very small® "3 for b = ¢ 2 0.11827 0.00128
O ¢ knownin PTto 4 |Oops[14, 15] 3 0.11846 0.00019
4 0.11852 0.00006
@ for decoupling perturbation theory looks surprisingly
well-behaved already at u = m. Aa = as — ag =~ 0.00025

@ Future: include charm non-perturbatively
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AY — o (myz) via perturbative decoupling @j

Decoupling relation
gVt () = gV () x € (6N (), /i) + O, ?)

or equivalently relation for A(N) /A (Ne+1)

@ requires further PDG input (MS scheme)

(N¢=5) _
e (7ic) P, (7, n (loops) o Qn — Qp—1
5 1 0.11699
@ O(m,, *) already very smalll'® " for b = ¢ 2 0.11827 0.00128
O ¢ knownin PTto 4 |Oops[14, 15] 3 0.11846 0.00019
4 0.11852 0.00006

@ for decoupling perturbation theory looks surprisingly

well-behaved already at u = m. Ao = ayg — as ~ 0.00025

Contribution to relative error squared

@ Future: include charm non-perturbatively

o (mz) = 0.11852(80)(25) MeV

percent

PDG-16:'9 o (my) = 0.1174(16) w/o lattice
FLAG-16:'1 o (mz) = 0.1182(12)
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Historic as(my) averages o)

oM %@Q %Q\Q Note:
[ T o E @ recent increase of uncertainty
120 F B —
= 0120 F %E\E”’§\H/Hi~i ] @ quoting o at u = my is a convention
E o115k E
g r ] g .
0.110 [ E PDG-2016 values:
e L e ]
% a0k ; as(mz) = 0.1181(11) ~ 0.9%
< F ] () _
ﬁ\E‘ 200 £ H/P}Hhmg Ay, = 210(14) MeV ~ 6.7%
< E ]
100 p——tt—te AL = 292(16) MeV ~ 5.5%
> s 1 o
< 300 EH 47 = 332(17) MeV ~5.1%
~ L |/ ]
SB 200F ¢ :
< 3 ]
100 FA————— ]
F | } } -z 1 Our results:
% 300F B .
= g 1 AY = 341(12) MeV ~ 3.5%
r>n 200 C B MS
%“‘ g ] as(mz) = 0.11852(84) ~ 0.7%
100 Bt P B B -

20 years of PDG data history
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Experimental support for QCD &)

RG running of ais, past and present
tremendous progress over the years RG scale evolution consistent with data

1989 Altareliil"®! 2016 CMS!'?

0.4

1 a®(1.508 TeV) = 0.0840(35)

g ()

CMS Incl.et, 13 = 8TeV, ay(M) = 0.1164 0%
—e— CMS InclJet, 15 =8TeV :
—a— CMSR,, 5= 7Tev

S InclJet , 15 = 7TeV.
—s— CcMSt, f5=7Tev

CMS 3.Jet Mass , {5 = TTev
—o— DO Incl.det

00 Angular Correlation

et
— zEUS
- == World Avg ay(M,) = 0.1185 +0.0006

BCOMS 7
Rg’!'

ete—jets

N L

Il Il Il
1 10 100 5678 10 20 30 40 100 200 300 1000 2000
a (GeV) QGew
Figure 7 A summary of the determinations of the running coupling constant «, discussed
in the text. The curves for AEk = 140 +60 MeV are obtained following the matching pro-

cedure at the b threshold explained in Equations 14-19 (with a ~ 1) ﬂl— PHA : 01(56) (1-508 TGV) = 0-0852(4)

Collaboration
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Non-perturbative (5 functions

P. Fritzsch

| 3-loop (SF)
| 1 |

| I

X 5- MS
.\o~100p (MS)

T I
Schrédinger Functional

Gradient Flow
1-loop
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3-loop (MS)
4-loop (MS)

0

—_ \ N
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QCD at different length scales N

QCD in a box: Bjorken!2%
&
*
~1/fm
I 100 l 10 0.01 0.001 0.0001
0.001 0.01 0.1 1 10 100 1000, /Gy
« confinement region asymptotic freedom (p — o0)

QCD at different length scales:
@ 2 hadrons in a box of size L = 15 fm
@ a gg mesonin a2 fm box

Q@ interacting quarks and gluons at L = 0.2 fm

The Femtouniverse (L < 0.5 fm):
@ in principle, QCD phenomena can be probed at any scale
@ asingle experiment cannot achieve that

@ ideal playground for lattice QCD as a non-perturbative toolbox at all scales
(boundary conditions very important at intermediate or small box sizes)
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The Schrédinger functional coupling

@ Euclidean partition function

Z= /D[U,E, Y] e=SW¥] — (| e=TH p|0)
TxL3

with periodic BC in L?
and Dirichlet BC in T (breaking translational inv. in time)
@ renormalization scale v o< L™ (for step-scaling)

@ mass-independent scheme, ...

o1 0
Abelian boundary fields: C, = | 0  ¢2
0 0
SF coupling
defined as variation of effective action I' = — In Z[C, C'],
or _ const
an n=0 B §§F(L)
for non-vanishing boundary gauge fields C # 0 # C’,’C
P. Fritzsch « g from non-perturbative A
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Non-perturbative running at high energies @j
Continuum extrapolation of SSF Zgp!"!
Example for global fit ansatz: (4 parms., 19 pts., Xz/Ndof ~ 1)

Y(u,a/L) = u + sou? + s1u® + crut 4+ cou® + p1u4(%) + P2U5(%)2

—

1.22F 44— - .

[* ]

1.20 F ]

s 118[* n

= L ]

~ L I ]

?ﬁ 1.16 ;*&7 ””””” K

3 L ]

At I S— 3 s

1.14 f*f I X L2 .

L= ry i

[ - 9 4

LI12 [« £ = -

[« L1 LS

110 *® * L) =
Lo b e b e b e b e b

0 0005 001 0015 002  0.025 (q/L)2

so0, s1 fixed to perturbative values: so = 2bg In(s), s1 = 5(2) + 2b1In(s),s =2
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Matching at the scheme switching scale Lqy; N

G2p (Lswi) = 2.0120 = 925 (2Lswi) = 2.6723(64)
2.76

T T T T T T T T
Zeuthen flow F——
275 L Wilson flow +—e— |
-0 Continuum +=— i

2.69 — =

2.68 -
2.67 E —
| | | | | | | |

2.66
—0.001 0 0.001  0.002 0.003 0.004 0.005 0.006 0.007
(a/L)?

@ 0.2% total uncertainty (continuum)?! 2Lswi/a € {12,16, 24,32}
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Non-perturbative running at low energies &)

Taking the continuum limit!?!

22 [ Fit % ooeeeee ]
. Fit 1/%
""" Continuum (fit X) +—e—t
9 Js S Continuum (fit 1/%) +—=—t
’g Tl I ata —e— 7|
U = S e
~ 1.8 Tg _________________ Feenl e I*
S S
e Tl
SL6 pmmo T T -
|2 I = T .z
T
1.4 -
3.
o
e
1.2 pe=— . P o
! ! ! ! ! ! L T
0 0.002 0.004 0.006 0.008 0.01 0.012 0.014 0.016
(a/L)?
O sizeable discretization effects — requires careful extrapolations 2L/a € {16,24, 32}

@ nonetheless, continuum results are very precise!
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