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Schedule for today

* \What is the smallest dimension of the
Dirac equation?

* What is the defining characteristic of a
spinor? ' Bosons & Fermions

‘ Dirac EQ

‘ Klein-Gordon EQ
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Between cosmos & particle physics ﬂ(“.

Karlsruhe Institute of Technology

[x]= fin=10""cm [E]=TeV=10"eV [x]= parsec=10""m [E]=mo=10"kg

Energy

>
Space
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Relativistic quantum mechanics ﬂ(".

Karlsruhe Institute of Technology

[x]= fin=10""cm [E]=TeV=10"eV

Natural units (= A =1,¢=1):

m| = GeV x]= 9
[E] = GeV t]= 2
[p] = GeV O] = 2

Ap - Ax > h (— uncertainty relation)

Smallest scales I Largest energies
(10~ *2cm ). (10712eV).
(— Quantum Mechanics) (— relativistic dispersion

relation E2 = p2? + m?)

* Most important EQ's to describe particle dynamics: Klein-Gordon, Dirac Eq.

Institute of Experimental Particle Physics (IEKP)

4



Relativistic quantum mechanics ﬂ(".

Karlsruhe Institute of Technology

[x]= fin=10""cm [E]=TeV=10"eV

Natural units (= A =1,¢=1):

m| = GeV (2] = GeV™!
[FE] = GeV [t ] = GeV !
[p] = GeV 0,] = GeV

Ap - Ax > h (— uncertainty relation)

Smallest scales I Largest energies
(10~ *2cm ). (10712eV).
(— Quantum Mechanics) (— relativistic dispersion

relation E2 = p2? + m?)

* Most important EQ's to describe particle dynamics: Klein-Gordon, Dirac Eq.
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Karlsruhe In:

The Klein-Gordon equation \‘(IT

Canonical Operator Application to Wave
Replacement Function
E — zﬁt

g || [0 o

(Klein-Gordon EQq)

e Solutions:
¢+ (Z,t) = u(p)etiPr—E)

_(Z,1) = v(p)e HPE-EL) E(p) = \/m?2 + 2 (free wave)

* Peculiarity: Hamiltonian is non-local.

—

=Vm2—-V2=m 1—%:m—v—2—|—--- (*)

2m
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The Dirac equation ..\X‘(IT

Karlsruhe Institute of Technology

* Historical approach by Paul Dirac 1927 Find representation of relativistic
dispersion relation, which is linear in space time derivatives:

i0ph = Hoth = (—z'oﬁ + Bm) "

/
\_5 e Cannot be pure numbers (*) (— algebraic operators).
* Need four independent operators.

* Require Klein-Gordon Eq to be fulfilled for a free Dirac particle:
) 2 . 2
(10)" ¢p = (—zon + 5m) Y

= {— (@i + aja;) 005 — im (i + Bog) 9; + (5"7”6)2} (2 - [— V2 4 m}w
~ ~— (i <)) " ——

{ai, aj} = 20;; {a;, =0 B2=1 (Anti-commutation
relations)
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Properties of & and 3 _\g(“.

Karlsruhe Institute of Technology

* Operators @ and 3 can be expressed by matrices:

Must be hermitian: Hyshould have real eigenvalues.
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Properties of @ and 3 ..\g(“.

Karlsruhe Institute of Technology

* Operators @ and 3 can be expressed by matrices:

Must be hermitian: Hyshould have real eigenvalues.

Must be traceless: I

A

I
Tr(o;) = TT(%‘@@ I: T"“(ﬁ%ﬂ) T
\j \j

cyclic anti-commutator
permutation relation

—Tr(BBa;) = —Tr(a;) =0
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Properties of @ and 3 ..\X‘(IT

Karlsruhe Institute of Technology

* Operators @ and 3 can be expressed by matrices:

Must have at least dim=4:

* o? = I — has only eigenvectors +1.
* 32 =1 — has only eigenvectors *1.

* Dimension must be even to obtain 0O trace.

* I + Pauli matrices (I, o; ) form a basis of the space of 2 X 2 matrices. But I is not
traceless (— no chance to obtain four independent(!) traceless matrices).

» Simplest representation must at least have dim=4 (can be higher dimensional though).
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The Dirac representation

AT

Karlsruhe Institute of Technology

* Concrete representation of «; and 8 matrices:

11

-

1 O) ;= (0 0¢> (0;(i = 1,2,3) Pauli matrices)

0 -1 0; 0

(0
o1 = 1

Institute of Experimental Particle Physics (IEKP)



The Dirac representation

AT

Karlsruhe Institute of Technology

e Relativistic formulations use v*" matrices:

7055 WiEBOéi

T =\ o -1 T\ =6, 0

{ag, o} = 20y
{a;, 8} =0 mmp (V) =29
[B,8]=0

* Dirac equation in mostly known covariant form:

(tv*0, —m)p =0

1
1 2 (1) Formally transformation behavior of a Lorentz-vector.

(Compact notation of algebra)

(Dirac Eq)
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Solutions of the Dirac equation

AT

Karlsruhe Institute of Technology

(tv*0, —m)p =0
Y (T) = u(p)e P EY
Y (T) = v(p)e"PFFY
. 1 0
0 1
2| w0 =]y wO=|,
0 0
- 0 0
0 0
L w@=]1| wo=],
- 0 1

13

at rest (p=0)

B() =/ T 7

(free wave)
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Solutions of the Dirac equation

AT

Karlsruhe Institute of Technology

for +m

for —m

(tv*0, —m)p =0

<
_|_
5
I
=

me—m(ﬁf—Et)

Y- (%) = v(p)ePTEY

O —~R OO OO o

;/;/
S
=
=
I

R OO o © o —=Oo

at rest (7= 0)

14

(Lorentz Transformation)
A (m,0,0,0) — (Eapacapyapz)

for +m

for —m

(free wave)

E+m 0
0 E+m
+(P) . +(P) po — ip,
Dy + ipy —Pz
Pz Px — Z.py
_ Pz + ipy . —DPz
w@)=N|"p .| ww=N 0
0 E+m
— 1 in motion (p' # 0)
v/ 2m(E+m)
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The transformation behavior of spinors ..\X‘(IT

Karlsruhe Institute of Technology

Azt — 2’ = AP Lorentz vector

wa (3}) — w; (x,) = SO‘B (A)wﬁ (A[lj‘) Spinor (Lorentz
AN /

transformation)
mixes components of <—J k» acts on coordinates

* How does S(A) look like?

o (8) -isn(3) (59

5966\3 Rotation of 27 around spacial quanti-
) zation axis turns ¥, () = =Y, ().

cosh (%) + sinh (%) (17 : 0_2)
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Classification of physical objects ﬂ(“.

Karlsruhe Institute of Technology

* In physics we classify objects according to their transformation behavior.

* (Lorentz-)Scalar:
* (Lorentz-)Vector:

* (Lorentz-)Tensor (2. order):

* (Lorentz-)Spinor: A p*(aH) — ¥ (a™) = SgyP (Akz”)
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Classification of physical objects

AT

Karlsruhe Institute of Technology

* In physics we classify objects according to their transformation behavior.

/

* (Lorentz-)Spinor:

* (Lorentz-)Scalar: A:m —m
* (Lorentz-)Vector: A x# — '
* (Lorentz-)Tensor (2. order): A FHY — FHY

A: go(at) - Po(at) = SgYP(Alia?)

=m
— AWV
= Alx

= ALAL PP

17
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Objects composed from spinors ..\X‘(IT

Karlsruhe Institute of Technology

* Observables can be composed of spinors:

E = WWO (Adjoint spinor)

P 2
VY 9
Py 2
A T U
Yoy 9
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Objects composed from spinors ..\X‘(IT

Karlsruhe Institute of Technology

* Observables can be composed of spinors:
E = WWO (Adjoint spinor)
Yy Scalar

¢”Y5¢ Pseudo Scalar

Yy Vector

E’Y&YMQ? Axial Vector

(Lol Tensor (2. order)
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Bosons & Fermions ﬂ(".

Karlsruhe Institute of Technology

Satyenda Nath Bose Enrico Fermi
(*1. January 1894, 1 4. February 1974) (*29. September 1901, 1 28. November 1954)
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Bosons

Fermions ..\X‘(IT

Karlsruhe Institute of Technology

(3,,0“’ + m2) =0

* Integer spin 0, 1, ...

* Commutator relations [ ., . ].

2
21 ) This holds for elementary particle as well as for pseudo-particles.

(ty*0, —m) Y =0

* Half-integer spin %, ...#

* Anti-commutator relations { . , . }.

Institute of Experimental Particle Physics (IEKP)



Bosons

Fermions ..\g(“.

Karlsruhe Institute of Technology

((%8“’ + m2) =0

* Integer spin 0, 1, ...

* Commutator relations [ ., . ].

(ty*0, —m) Y =0

* Half-integer spin %, ...#

* Anti-commutator relations { . , . }.

Multi-particle systems

* Symmetric wave functions.
* Bose-Einsten statistics.
* More than one particle can be

described by single wave
function.

2
22 2) This holds for elementary particle as well as for pseudo-particles.

* Anti-symmetric wave functions.
* Fermi statistics.

* Each particle occupies unique place
in phasespace (— Pauli Principle).

Institute of Experimental Particle Physics (IEKP)



Concluding remarks ..\X‘(IT

Karlsruhe Institute of Technology

* Brief reprise of main relativistic equations of quantum mechanics.
* Klein-Gordon equation to describe kinematics of bosons.

* Dirac equation to describe kinematics of fermions.

* Main tool box to go from field theoretical calculations to observable behavior of
particles.

* From next lecture on go one level up — field theoretical level.

* Prepare “The Higgs Boson Discovery at the Large Hadron Collider’ Section 2.1.

Institute of Experimental Particle Physics (IEKP)
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http://www.springer.com/us/book/9783319185118?token=prtst0416p

Backup _\g(“.

Karlsruhe Institute of Technology
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Dirac representation ..\X‘(IT

Karlsruhe Institute of Technology

* The following 16 matrices form a basis of the 4 x 4 matrices:

]14 1 matrix
7“ 4 matrices
otV = % h#) fy’/] 6 matrices
’Y’U”Y5 4 matrices
S i!ewpav“fy”vp’y" 1 matrix

* Orthonormal (with scalar product < .|. >= iT”'“(- )

* All matrices traceless apart from T,,.

Institute of Experimental Particle Physics (IEKP)
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