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Kapitel 3.2: Struktur der Nukleonen P
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Klarung der Proton-Substruktur

* onc: hormiert auf Dirac-
Wirkungsquerschnitt (—

punktformiges Spin-2
Teilchen)
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* Proton besteht aus punkt-
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Klarung der Proton-Substruktur

* onc: hormiert auf Dirac-
Wirkungsquerschnitt (—
punktformiges Spin-2
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Klarung der Proton-Substruktur

* onc: hormiert auf Dirac-
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punktformiges Spin-2
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Kapitel 3.3: Fundamentaler Aufbau der
Materie und ihre Wechselwirkungen
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Woraus die Welt wirklich besteht...

Discovery of the electron (1897)

120 Jahre Physik auf der Suche Discovery of the positron (1932) N X :j— ‘,l , =
nach den letzten Bausteinen der e ! A ) ;,ﬁ“ﬁf'f— :
Materie &
Bestandsaufnahme: J. J. Thomson (1856 — 1940)

* Elektron — punktformig,
besitzt schwere Bruder

 Atomkerne — bestehen
aus Nukleonen

* Nukleonen — be- Ve
stehen Partonen
(Quarks)

* Partonen
— punktformig

* Spin-2 Fermionen
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O

iscove of the electron (1 897)

Woraus die Welt wirklich besteht... Tig| N

. | -
& e

120 Jahre Physik auf der Suche
nach den letzten Bausteinen der
Materie

-
'
“. v
i) e O

Bestandsaufnahme:

* Elektron — punktformig,
besitzt schwere Bruder

 Atomkerne — bestehen

aus Nukleonen _ _
Nach unserer bisherigen

« Nukleonen — be- Ve gesicherten Erkenntnis ist
stehen Partonen — das hier der Stoff aus dem
(Quarks) die Welt die uns umgibt

besteht

* Partonen
— punktformig

* Spin-2 Fermionen
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Was die Welt zusammenhalt...

120 Jahre Physik auf der Suche Krafte/Wechselwirkungen:
nach den letzten Bausteinen der Wir kennen vier fundamentale Krafte im

Materie Universum:

Bestandsaufnahme:

* Elektron — punktformig,
besitzt schwere Bruder

» Atomkerne — bestehen
aus Nukleonen

* Nukleonen — be- Ve
stehen Partonen
(Quarks)

Schwache Kraft

* Partonen
— punktformig

b

Starke Kraft

* Spin-2 Fermionen * Bosonen mit Spin-1
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Fundamentale Wechselwirkungen

Elektromagnetismus

* Koppelt an elektrische
Ladung

 Kann abstol3end oder
anziehend wirken
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Fundamentale Wechselwirkungen

Elektromagnetismus

Schwache Kraft

* Koppelt an elektrische * Koppelt an schwachen
Ladung Isopsin
* Kann abstofRend oder * Kann geladene Teilchen in
anziehend wirken ungeladene Teilchen
umwandeln

* Verantwortlich fur die
folgenden Reaktionen:

n —pe- Ve (Neutronzerfall)

Ve€~ — Vee€ (elastische ev-
Streuung)
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Fundamentale Wechselwirkungen

) &b ‘9

Starke Kraft

Elektromagnetismus

Schwache Kraft

* Koppelt an elektrische * Koppelt an schwachen * Koppelt an Farbladung
Ladung Isopsin (— rot, grun, blau)
* Kann abstofRend oder * Kann geladene Teilchen in * Wirkt auf Entfernungen
anziehend wirken ungeladene Teilchen eines Kerns starker als
umwandeln em WW

* Verantwortlich fur die * Fallt jenseits dieser Ent-
folgenden Reaktionen: fernung sofort auf Null ab

_ (— Kastenpotential)
n —pe- Ve (Neutronzerfall)

Ve€~ — Vee€ (elastische ev-
Streuung)
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Fundamentale Wechselwirkungen

KA y
- "—\[\ photon

Starke Kraft

Elektromagnetismus

Wechselwirkung starke WW  schwache WW  em WW Graviation
Kopplung (o) O(1) O(1073) O(1/137) O(10739)
Austauschteilchen Gluonen W, Z y Graviton
Masse Austauscht. <oMe)" 90 GeV 0 <1.2-1072ev"Y
Rel. Stérke 1 10-1? 103 1038
Reichweite [m] 10~1° 10715 00 00
typische Zeitskala [s] 1023 1010 10720 ?

(1) theoretisch 0 (2) im Abstand von 1 fm



Die gleichen Fragen...

* Etwa 220 Jahre spater

Theoretische Beschreibung
Noble Ziele...

N & &

St einen fodoavdisten, engen, gothirchen Bimmer F g 0 { ¢

anvufig ouf feinem Seffel am Pulte,

Fauft,
abe win, ach! Philofophie,

vifterey und Mebdicin,
b lefber audy Theologie!

@ ftehy ich nun, ich armer Thotd

b bin fo Eug al8 wie suvor;

ifie Magifter, beife Doctor gat,

b sielie fehon an die gehen Savr,
tauf, Hetab und quer und Feumnr,
eine Schitlet an ber Nafe Hetty —

uechaug ftudiet, mit heifem Bemihn,

itud febe, Daf wie nichts swiffen Fonnen!
Das will miv fhiee da8 Hery vetlrennen.
Siar bin. idy gefebeidtet als alle bie Raffen,
Doctoren, Magifter, Schreiber und Pfaffens
Mich plagen Feine Sctuel nod) Sweifel,
Siitdste tmidy wedet vor Hille noch Teufel —
Dafie it miv auch alle Frend” entrifien,
Nilbe mit nicht ein Wo6 tedts su wiffen,
Bifbe mit nicht ein, ich Fonnte was lehren,
Die Menfchen 31 beffetn und ju befehten,
Ainch b ich weber Gut noch Geld,

Nody @he’ und HerrlichFeit der Welt,

@4 ochte Fein Hund fo linger lebent
Drutm hab’ ioh mic) der Magie ergeben,
Db mit durdh Getfies Kraft und Mund

Sicht manch Geheimnif witde fund;

Daf it nicht et

Snet ' -

S alle irkenstralt und Camen,
bt nidyt mehe fn Wotken Featiens

J. W. von Goethe, Der Tragddie erster Teil, Tlbingen
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: Cotta, 1808
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Klein-Gordon/Dirac-Gleichung

* Beschreibung relativistischer Prozesse der Teilchenphysik:

B2 — p? = m?
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Klein-Gordon/Dirac-Gleichung

* Beschreibung relativistischer Prozesse der Teilchenphysik:

E — z@t
E? — p* = m? - S
p— —1V

Kanonische Ersetzung
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Klein-Gordon/Dirac-Gleichung

* Beschreibung relativistischer Prozesse der Teilchenphysik:

P -p=m’

E — z@t
D — —iV -

Kanonische Ersetzung

Dynamik von
Bosonen

(0,0* +m?) ¢ =0

(Klein-Gordon-GL)
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Klein-Gordon/Dirac-Gleichung

* Beschreibung relativistischer Prozesse der Teilchenphysik:

E — z@t
B2 -yt =m’ . |
p— —1V

Kanonische Ersetzung

* Losungen:
6+ (Z,1) = u(p)ePr—EY

o (Z,t) = v(p)e P~ FY E(p) = vm? + p?

* Besonderheit: Hamilton-Operator nicht-lokal:

[A{O: m2—§2:m I—X—z:m_i_F (*)

(0,0* +m?) ¢ =0

Dynamik von
Bosonen

(Klein-Gordon-GL)

(Ebene Welle)
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Klein-Gordon/Dirac-Gleichung

* Beschreibung relativistischer Prozesse der Teilchenphysik:

* Linearisierte Form:

i0ph = Hoth = (—z'oﬁ + ﬁm) b

Dynamik von
Fermionen

(Dirac-GL)

Dynamik von
Bosonen

(0,0" +m2) ¢ =0

(Klein-Gordon-GL )

@ und g sind keine einfachen
Zahlen (*) sondern algebraische
Operatoren. Lassen sich als
Matrizen darstellen.
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Klein-Gordon/Dirac-Gleichung

* Beschreibung relativistischer Prozesse der Teilchenphysik:

Dynamik von
Bosonen

(0,0" +m?) ¢ =0

(Klein-Gordon-GL)

* Linearisierte Form: Dynamik von
Fermionen

a und g sind keine einfachen
10p) = ﬁ(ﬂb — (_i@’ﬁ + 6m) Y Zahlen (*) sondern algebraische

Operatoren. Lassen sich als
Matrizen darstellen.

(Dirac-GL)
Zweifache Anwendung muf3
(’L'@t)zﬁb _ (—2526 i 6m)2¢ fauur:‘rg:]ein-Gordon-GL zurlick-
= | = (i + ajoi) iy — im (ciff + Ba) 9 + (Bm)?| o . = V24 m]y
~ ~ ~ (1<) h v g ——
{Oéi,Oéj} :2523 {Oéi,ﬁ} =0 52 =1

(Antikommutator-Relationen)
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Dirac Darstellung

* Konkrete Darstellung der Matrizen a; und S :

B = 1 0 _ (0 o . . .
—\lo -1 o = o 0 (0;(i = 1,2,3) Pauli-Matrizen)

0 1
=)
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Dirac Darstellung

 Manifest relativistisch-kovariante Formulierung mit Hilfe der v*{"-Matrizen:

WY =8 v = Bay

T =\ -1 T =6 0

{Oéi, Oéj} = 25@'

{a;, 1 =0 )y () = 29" (Kompakte Schreibweise
8.8]1=0 der Algebra)

* Dirac-Gleichung in relativistisch kovarianter Form:

(V"0 —m)p =0 (Dirac-Gleichung)
( Muf} mindestens 4-dim haben,
(1) Formelles Transformationsverhalten eines Lorentzvector. sonst lassen sich Kommutator-
@) ohe Backup. Relationen nicht erfullen (2)
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Losungen der Dirac-Gleichung

(¢v*0, —m)yp =0

i (&) = u(p)etFE-EY
b () = v(p)e " PF-ED E(p) = v/m? +p? (Ebene Welle)
1 0
g
n 10 |1
:§ UT(O) e U¢(0> 0
0 0
- 0 0
0 0
| 0) = 0) =
0 1

at rest (7= 0)
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Losungen der Dirac-Gleichung

(e:y* 0, —m)p =0

Y (T) = u(p)et* P
Y- (%) = v(p)e P EY

(Lorentz Transformation)
A (m,0,0,0) — (Eapacapyapz)

E@) = V/m2 + 7

(Ebene Welle)

1 0 E+m
=] wo=|! Hlup=n| ©
:‘_3. T B ) uy — 10 :‘_5: ur\p) = D,

0 0 px‘i‘ipy

0 0 D=
| wo=Y] wo=|! | oy = |t
5 T 1 v 0 5 T E+m

0 1 0

0
E+m
Pz — ipy
—Pz
Px — Z.py

v (p) =N 'fz

E+m

u (p) =N

at rest (p'=0)

in motion (p' # 0)
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Lagrange Formalismus & Eichtransformationen

Joseph-Louis Lagrange
(*25. January 1736, 1 10. April 1813)
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Lagrange Formalismus (klassische Feldtheorie)

* Alle Informationen eines physikalischen Systems in Wirkungsintegral kodiert:

/\ )
_ . Feld® (Verallgemeinerung
Wirkung < - S = /E(@L@, ¢)d495u generalisierte Koordinaten)

Lagrangedichte £
(Z Ekin - Z Epot)

* Bewegungs-GL aus Euler-Lagrange Formalismus:

oL oL
0.0 99 "

(Aus Variation der Wirkung)

Welche Dimension hat die
Lagranedichte L in
natirlichen Einheiten?
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Lagrange Formalismus (klassische Feldtheorie)

* Alle Informationen eines physikalischen Systems in Wirkungsintegral kodiert:

—— T Feld ¢

7 (Verallgemeinerung
Wirkung «——1 S = /E(ﬁm, ¢)d*z,

generalisierte Koordinaten)

Lagrangedichte £

(Z Ekin - Z Epot)
* Bewegungs-GL aus Euler-Lagrange Formalismus:

oL oL
0.0 99 "

(Aus Variation der Wirkung)

Welche Dimension hat die
Lagranedichte L in
natirlichen Einheiten?

[£] = GeV?
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Lagrangedichte fur freie Bosonen und Fermionen

FUr Bosonen: Fur Fermionen:

L = 0,00"¢* —m*pp* L =1 (iv"d, —m)

* Beweis durch Anwendung der Euler-Lagrange Gleichung (— hier fiir Bosonen):

oL oL
P Songr) " ag "
03, P —— (90, +m%) =0

« Anmerkung: bei der Variation sind die Felder ¢*, ¢, ¥, 1 als unabhangig vonein-
ander zu betrachten.
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Globale & Lokale Phasentransformationen

* Lagrangedichte kovariant unter globalen Phasentransformationen
(— hier fUr Fermionen):

(T, 1) = (T, 1) = (T, t)e™™ 9 # 9(Z, 1)

* Phase v and jedem Punkt £ und zu jeder Zeit t fest vorgegeben.

* Was passiert wenn an jedem Punkt in (Z, ¢t) eine andere Phase erlaubt ist?
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Globale & Lokale Phasentransformationen

* Lagrangedichte kovariant unter globalen Phasentransformationen

(— hier fUr Fermionen):

L= (v, — m) Y’ = e~ (ir" 0y —m) "1}

Ableitung verbindet
benachbarte Punkte
in (Z,t)

o > Y(z+Azx)—(x)
K Azx

=) (iv" (O +i0,9) —m)p # L bricht Kovarianz

* Phase v and jedem Punkt £ und zu jeder Zeit t fest vorgegeben.

* Was passiert wenn an jedem Punkt in (Z, ¢t) eine andere Phase erlaubt ist?
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Globale & Lokale Phasentransformationen

* Lagrangedichte “kovariant” unter globalen & lokalen Phasentransformationen
(— hier fUr Fermionen):

W(Z,t) — ' (T,t) = eP(T, 1) beliebiges Eichfeld
Y(E,t) = (T, t) = (T, t)e™™ 9 = (&, 1) /
D, — D!, = D, — i,V > 0, — D, =0,+ieA,

(Kovariante Ableitung)
L= (i’y“D/’L — m) ' = pe~ W (iv*(D,, —i0,0) — m) et
=9 (iv" (D, — 10,9 +i0,9) —m)¢p =L

* Transformationsverhalten des Eichfeldes
Ay — A=A, —-199 » bekannt aus Elektrodynamik!
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Zusammenfassung: Eichfelder

* Es ist moglich fir das Feld ¥(7,t) eine beliebige Phase (%, t)zu erlauben

* Erfordert EinfUhrung eines vermittelnden Feldes 4, das diese Information von
(#,t)nach (&7, ¢") transportiert

V(T t) . A, e Y@, t)
9(Z, 1) T, 1)

* Eichfeld A, koppelt an GroRe e des Feldes (7, 1), die mit elektrischer Ladung
identifiziert werden kann
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Das wechselwirkende Fermion

* EinfUhrung der kovarianten Ableitung fuhrt zu Lagrangedichte fur wechsel-
wirkendes Fermion mit Ladung e:

Y
Lia =Y (iY*"(Dy —m) Y
— . — ey A
= (iv" Oy —m) Y — eyt A S
A\ J L J
g

freies Fermionfeld WW-Term

(0

* Anmerkung: hier nicht diskutiert — dynamischer Term zur Beschreibung eines
“frei” propagierenden Eich(=Photon)feldes
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Das Standardmodell der Teilchenphysik

L3R
+ (LD +he
8 - ’
Fermions Bosons Beschreibung der ursprunglichen < bl ‘2‘5’%“‘ -
Quarks I c t ¥y o] Struktur der uns umgebenden R -V
carriers :
up  cham  top photon Natur. '
d S b Z Lagrangedichte (baryonisch) Matterie
down  strange bottom Z boson
Leptons % “4‘ “/z W
electron  muon tau W boson
neutrinc neutrinc neutrino
e H T
electron  muon tau gluon o O
\H>
AQ
spin-1/2
rce: AAAS
. q/
w 6119
) e, y
. /_\ pham
Elektromagnetismus
* Bezieht Erklarungs-/Vorhersagekraft Schwache Kraft

aus Anwendung von Symmetrien! Starke Kraft

* Krafte < masselose Vermittlerteilchen.
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A wealth of structures

LM = LGN 4 L+ L037 + L™ + L0 + Ly + Lyova
LP" = jeyld e 4 vy O,
L8 = — c [WJFVyMeL + W_EL’}/MV}
V2sinfy - ¥ a

NC e — _ _

Lin~ =— 2 sin Oy cos Oy Zy |(Tyuv) + (€ryuer))|— e [Ay + tanbw Z,,| (eye)
1 1

Gauge __ = a aprvy _ = iz

‘Ckin — 2TT (WMVW ) 4B/“/B B,u — A,u
W3 — Z,
2 2
: 1 1 H 1 H

Higgs 2 + — 2

Ekin = §8MH8’MH + <1 + ;E) mWWM I/V’u + (1 + ;ﬁ> 77?JZZMZ'u
2 3 4

EHiggs _ _m%{'UQ m2H H n m%{ H n m%{ H

V() 4 2 \2 v\ V2 4v2 \ /2

: 1 H

cHiees (14 27 ) ee

Yukawa v \/5

Full SM Lagrangian density (first lepton generation)

e “Simple” (local) symmetry requirements on £ enforce complex interactions.




26/29

Feynman Regeln

Richard Feynman
(*11. Mai 1918, t 15. Februar 1988)
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Feynman Regeln (der QED)

* Wechselwirkungsterme in der Lagrangedichte lassen sich in bildliche Regeln
zur Berechnung von Wirkungsquerschnitten tbersetzen.

e e
u(ps) u(py
(P4) —e|A, +tanbw Z,] (eye)
\ \
i2mPer i2m)Per \ \
6*(ps —p1 — q) 6 (pa —p2 + Q)
—1 v Austausch Austausch
K Photon Z-Boson
g2 + ie
u(p1) Austausch eines u(p2)
e~ virtuellen Photons e
Projektil Target

Sﬁ) =i ((2m)%e)

2

4 <4 — “Juv o4
'/d q0°(ps —p1— Q)U(pshuu(m)qg—:iﬁfs (P4 —

Vollstandige Ableitung
siehe Backup

P2 + @)U(pa)y” u(p2)
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Feynman Regeln (der QED)

* Wechselwirkungsterme in der Lagrangedichte lassen sich in bildliche Regeln
zur Berechnung von Wirkungsquerschnitten tbersetzen.

u(ps3)

i(2m)2 eyt
54(193 —P1 — Q)

—ig,
g2 + ie

gl ®

(4)

i(2m)2%ey” -

6*(ps — p2 +q) \ \

—e|A, +tanbw Z,] (eye)
\

\

Austausch Austausch
Photon Z-Boson

u(p1) Austausch eines u(p2)
e~ virtuellen Photons e
Projektil Target

SJ(%) =i ((27)

6)2./

Vollstandige Ableitung
siehe Backup

d*q 6*(ps — p1 — Q)ﬂ(ps)v“u(pl)#é‘l(m — p2 + @)u(pa)y”u(p2)

q° + 1€
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Feynman Regeln (der QED)

* Wechselwirkungsterme in der Lagrangedichte lassen sich in bildliche Regeln
zur Berechnung von Wirkungsquerschnitten tbersetzen.

e e
u(p3) u(pa
(p4) —e|A, +tanbw Z,] (eye)
\ A\
i(2m)2 ey i(2m)%ery” - \ \
6*(ps —p1 — q) 6*(ps — p2 + q)
—iq 5 Austausch Austausch
JH Photon Z-Boson
q? + i€
u(p1) Austausch eines u(p2)
e~ virtuellen Photons e
Projektil Target

Sﬁ) =i ((2m)%e)

2

Vollstandige Ableitung
siehe Backup

| / d*q 6*(ps — p1 — @)a(ps)y u(pr) —5 2 5*(ps — p2 + q)u(pa)y” u(ps)

q2 + i€
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Feynman Regeln (der QED)

* Wechselwirkungsterme in der Lagrangedichte lassen sich in bildliche Regeln
zur Berechnung von Wirkungsquerschnitten tbersetzen.

e e
u(ps U
(Pa) (P4) —e|A, +tanbw Z,] (eye)
\ \
i(2m) ey i(2m)ey”- \ \
6*(ps —p1 — q) 6*(ps — p2 + q)
—1 v Austausch Austausch
K Photon Z-Boson
g2 + ie
u(p1) Austausch eines u(p2)
e~ virtuellen Photons e
Projektil Target

sS4 =i ((2m)%)

2

4 ¢4 — —Guv 4
-/d q0°(ps — p1 —q)U(ps)v’“‘U(pl)qz—fif (pa —

Vollstandige Ableitung
siehe Backup

P2 + q)u(pa)y” u(p2)
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Feynman Regeln (der QED)

* Feynman diagrams are a way to represent the elements of the matrix element
calculation:

Legs:
> u(p)  (ulp)) * Incoming (outgoing) fermion.
— — — k) (e(k) * Incoming (outgoing) photon.
Vertices:
. i(2m)%ev” - 6% (py — pi — q) * Lepton-photon vertex.
Propagators:
i(Y'pu +m) .
—>» o . * Fermion propagator.
P2 —m2 + e
™ + Phot t
— — —o 2t ic oton propagator.
Four-momenta of all virtual particles have to be integrated out.
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Karlsruhe Institute of Technology

45 Institute of Experimental Particle Physics (IEKP)



Properties of & and 3 _\g(“.

Karlsruhe Institute of Technology

* Operators @ and 3 can be expressed by matrices:

Must be hermitian: Hyshould have real eigenvalues.
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Properties of @ and 3 ..\g(“.

Karlsruhe Institute of Technology

* Operators @ and 3 can be expressed by matrices:

Must be hermitian: Hyshould have real eigenvalues.

Must be traceless: I

A

I
Tr(o;) = TT(%‘@@ I: T"“(ﬁ%ﬂ) T
\j \j

cyclic anti-commutator
permutation relation

—Tr(BBa;) = —Tr(a;) =0
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Properties of @ and 3 ..\X‘(IT

Karlsruhe Institute of Technology

* Operators @ and 3 can be expressed by matrices:

Must have at least dim=4:

* o? = I — has only eigenvectors +1.
* 32 =1 — has only eigenvectors +1.

* Dimension must be even to obtain 0O trace.

* I + Pauli matrices (I, o; ) form a basis of the space of 2 X 2 matrices. But I is not
traceless (— no chance to obtain four independent(!) traceless matrices).

» Simplest representation must at least have dim=4 (can be higher dimensional though).
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The transformation behavior of spinors ..\X‘(IT

Karlsruhe Institute of Technology

Azt — 2’ = AP Lorentz vector

wa (3}) — w; (x,) = SO‘B (A)wﬁ (A[lj‘) Spinor (Lorentz
AN /

transformation)
mixes components of <—J k» acts on coordinates

* How does S(A) look like?

o (8) -isn(3) (59

5966\3 Rotation of 27 around spacial quanti-
) zation axis turns ¥, () = =Y, ().

cosh (%) + sinh (%) (17 : 0_2)
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AT

QM model of particle scattering ‘

* Consider incoming collimated beam of projectile particles on a target particle:

Scattering matrix S transforms initial state Observation (in AQ):
wave function ¢: into scattering wave ¥scat projection of plain wave
(Yoot = S - 61) ¢ rout of spherical scat-
scat (L tering wave Uscat .
2—2 ee—ree Observation
probability:
Sfi — Qb}: ’ 77Dscaut
Di = qb} - S p;
t; <t T Spherical scat-
tering wave Yscat.
Initial particle: , _
Localized potential.

described by plain

wave ¢;.
Institute of Experimental Particle Physics (IEKP)
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Solution for Vscat

AT

Karlsruhe Institute of Technology

* In the case of fermion scattering the scattering wave ¥scat is obtained as a solution of
the inhomogeneous Dirac equation for an interacting field:

(i/yﬂau - m) 'Lpscat — _erMA,ulbscat

(+)

* The inhomogeneous Dirac equation is analytically not solvable.

51
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Solution for Vscat

AT

Karlsruhe Institute of Technology

* In the case of fermion scattering the scattering wave ¥scat is obtained as a solution of
the inhomogeneous Dirac equation for an interacting field:

(iﬁ’“au - m) wscat — _equA,uﬂbscat

(+)

* The inhomogeneous Dirac equation is analytically not solvable. A formal solution can
be obtained by the Green's Function K (z — z'):

(iv"9, —m) K(x — ') = 6*(x — 1)

uear () = —¢ | K (2 = 2/ )7 A Ve (a2

52
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Solution for Vscat

AT

Karlsruhe Institute of Technology

* In the case of fermion scattering the scattering wave ¥scat is obtained as a solution of
the inhomogeneous Dirac equation for an interacting field:

(W“au - m) wscat — _evﬂAulpscat

(+)

* The inhomogeneous Dirac equation is analytically not solvable. A formal solution can
be obtained by the Green's Function K (z — z'):

(iv"9, —m) K(x — ') = 6*(x — 1)

uear () = —¢ | K (2 = 2/ )7 A Ve (a2

(170, = ) Yicar () = =€ [ (1799, = m) K (@ = 2/)7" A, (2" Wrcar ()%

_/

6z —a')
= —e’y”Au(ﬂ3)¢scat(x)

Y

53
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Solution for wscat ...\&(IT

Karlsruhe Institute of Technology

* In the case of fermion scattering the scattering wave ¥scat is obtained as a solution of
the inhomogeneous Dirac equation for an interacting field:

(Z.'Vuau - m) Yscat = _BVMA,LbleC&t (+)

* The inhomogeneous Dirac equation is analytically not solvable. A formal solution can
be obtained by the Green's Function K (z — z'):

(iv"9, —m) K(x — ') = 6*(x — 1)

Yscatr () = —€ [ K(z — 2" )y* Ay () hscar () d 2’

~

* This is not a solution to (+), since ¥scat appears on the left- and on the right-
hand side of the equation. It turns the differential equation into an integral
equation. It propagates the solution from the point 2’ to x.
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Green's function in Fourier space ..\\.J(IT

Karlsruhe Institute of Technology

* The best way to find the Green's function is to go to the Fourier space:

K(z—a')=2m)~" [ f((p)e_ip(x_w/)d% (Fourier transform)

Applying the Dirac equation to the Fourier transform of K (z — ') turns the
derivative into a product operator:
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Green's function in Fourier space -\\J(IT

* The best way to find the Green's function is to go to the Fourier space:

K(z—a')=2m)~" [ f((p)e_ip(x_w/)délp (Fourier transform)

Applying the Dirac equation to the Fourier transform of K (z — ') turns the
derivative into a product operator:

(iv"0, — m)K (z — 2') = (2m)~* [ (v*p, — m) f((p)e_ip(m_x/)d‘lp
A\ J A\ J
~ ~
I I
6 (xz — z') = (2m)~* [ I, e~i(z=2") g4y
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Green's function in Fourier space -\\J(IT

* The best way to find the Green's function is to go to the Fourier space:

K(z—a')=2m)~" [ f((p)e_ip(x_w/)délp (Fourier transform)

Applying the Dirac equation to the Fourier transform of K (z — ') turns the
derivative into a product operator:

(iv"0, —m)K (z — 2') = (2m)~* [ (v*p, — m) f((p)e_ip(””_x/)d‘lp
A\ J g J

~ g
| I
6 (z — x') = (2m)~* [ I, e~i(z=2") 44y
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Green's function in Fourier space -\\J(IT

* The best way to find the Green's function is to go to the Fourier space:

K(z—a') = (2n)~* [ K(p)e~®==2)d%p (Fourier transform)

Applying the Dirac equation to the Fourier transform of K (z — ') turns the
derivative into a product operator:

(iv"0, — m)K (z — 2') = (2m)~* [ (v*p, — m) f((p)e_ip(””_x/)d‘lp
A\ J g J

~" v
| I
6 (z — z') (2m)~* [ I e~ (=2 q4p

From the uniqueness of the Fourier transformation the solution for & (p)
follows:

(Y*pp — m) K (p) = Ly
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Fermion propagator

AT

Karlsruhe Institute of Technology

* The Fourier transform of the Green's function is called fermion propagator:

(Ypu —m) K(p) = 14

(Y +m) - (Yp, —m) K(p) = (W, +m) - Ly

p2—m?2

R(p) = Cputm)

(fermion propagator)

* The fermion propagator is a 4 x 4 matrix, which acts in the Spinor space.

* |t is only defined for virtual fermions since p? — m? = E? — p? —m? #£ 0.

59
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Fermion propagator «— Green's function ..\X‘(IT

Karlsruhe Institute of Technology

* The Green's function can be obtained from the propagator by inverse Fourier
transformation:

e, too H _|_ m) . /
K(r—2) = (27 —4/d3—»€7,p(x—q:/)/ d (7 Pu e—lpo(t—t)
)= g e (oo~ E)(po + E)

E =\/p2 +m?2

* This integral can be solved with the methods of function theory.
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Fermion propagator «— Green's function ..\X‘(IT

Karlsruhe Institute of Technology

* The Green's function can be obtained from the propagator by inverse Fourier
transformation:

D E— 1 oo H + m) ; /
K T — x/ — 27T —4 /d3 —»e’l,p(x—(p’) / d (fy pu e—zpo(t—t )
( ) = (2m) p e e B

E = \/p? +m?
* This integral can be solved with the methods of function theory.

« K(x —z')has two poles in the integration plane (at py = +E).
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Excursion into function theory ﬂ(".

Karlsruhe Institute of Technology

E.Freitag-R.Busam
Funktionentheorie1

@ Springer

cf. Freitag/Busam Funktionentheorie
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http://www.springer.com/de/book/9783540317647

Residual theorem ..\g(“.

Karlsruhe Institute of Technology

* When integrating a “well behaved” function w/o poles in the complex plain the path
integral along any closed path C is O:

. 2 —
Example: ¢, 2°dz =0 f(2) = 22

Airm(f(2))

() -
\_/ Re(f(2))

* When integrating a “well behaved” function w/ poles in the complex plain the solution
is 2w x the sum of “residuals” of the poles surrounded by the path:

Example: §, 2dz = 27i x R No matter how C is chosen, as
long as it includes z = (0 + ¢0).
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The Green's function (time integration for ¢t > t') ._\X‘(IT

Karlsruhe Institute of Technology

* Choose path C in complex plain to circumvent

poles. AZIm(pO)
+o0 ( n
VP +m) —ipo(t—t') po=—F
dpo e 2 ~ ——
/oo (po — E)(po + E) ‘-“ g D0 =+E " Re(p,)
t>t
« For t >t (e o(t=t) 0 for I'm(py) < 0): C:R— oo

— close contour in lower plane & calculate
integral from residual of enclosed pole.

L (Y'pu+m) v :
d . M lpo(t t):_2 .
7€ P —E T p+E ° mi- S (Pollpp—sp

Y /S g ~
pole at: residual: f(pg) _
po = +E Sign due to sense of

integration.
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The Green's function (time integration for ¢t > t') ._\X‘(IT

Karlsruhe Institute of Technology

* Choose path C in complex plain to circumvent

poles. AZIm(pO)
+o0 ( n
VP +m) —ipo(t—t') po=—F
dpo e 2 ~ ——
/oo (po — E)(po + E) ‘-“ g D0 =+E " Re(p,)
t>t
« For t >t (e o(t=t) 0 for I'm(py) < 0): C:R— oo

— close contour in lower plane & calculate
integral from residual of enclosed pole.

L (Y'pu+m) v :
d . [t ipo(t t):_2 .
7€ P —E “pot+EC mi- po)lp—s

0 oo .
K(x—12') = —i(27r)3/d3ﬁ b ;l;p tm. o E(t—t")+ip(—a')

65 Institute of Experimental Particle Physics (IEKP)



The Green's function (time integration for ¢t < t') ._\X‘(IT

Karlsruhe Institute of Technology

* Choose path C in complex plain to circumvent

boles: C:R— AiIm(po)
':," -‘\“ f < t/
+00 : :
/ dp() (fyuplvb + m) e—ipo(t—t/) : Po = —E/ - : >
o (po—E)(po + E) g Po=+E " Re(py)

« For t <t (etwot=1) 5 for Im(py) > 0):
— close contour in upper plane & calculate
integral from residual of enclosed pole.

L (ppt+m) v -
d : = e~ Po(t—t) — L om;.
/{ P+ E  po—E fwo)

Y /S g ~
pole at: residual: f(pg) _
po=—FE Sign due to sense of

integration.

po=—2~F
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The Green's function (time integration for ¢t < t') ._\X‘(IT

Karlsruhe Institute of Technology

* Choose path C in complex plain to circumvent

poles:

o0
/.

(7”pu + m)

W0 0 — E)po + B)

o= ipo(t—t")

« For t <t (etwot=1) 5 for Im(py) > 0):
— close contour in upper plane & calculate
integral from residual of enclosed pole.

1 Fp. +m
]{ dp, (Y"pu )
C

p+E po—E

e~ (=) — L omi . f(po)|

C:R— o0 AiIm(po)
i <t
4 h
i po=—F 1
= - >

po=+E Re(po)

po=—2~F

K(x—12") = —z'(27r)_3/

d3ﬁ —'E —p+m . 6+z‘E(t—t’)+iﬁ(f—£')

2F
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The Green's function (time integration for ¢t < t') ._\X‘(IT

Karlsruhe Institute of Technology

* Choose path C in complex plain to circumvent

boles: C:R— oo AiIm(po)
':," -‘\“ f < t/
400 i \
/ dp() (fyuplvb =+ m) e—ipo(t—t/) : Po = —E/ - : >
o (po—E)(po+E) g Po=FE " Re(py)

« For t <t (etwot=1) 5 for Im(py) > 0):
— close contour in upper plane & calculate
integral from residual of enclosed pole.

1 H : '
fde (’7 Pu +m) e—zpo(t—t) — 4275 - f(pO)l
C

po+E po—E po=—F

0 iy -
K(x—a') = —i(2m) 3 / @rp TLE TP (et i)

68 \ Slgn due to Po = —Fin Institute of Experimental Particle Physics (IEKP)
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The Green's function (Nota Bene) ..\X‘(IT

Karlsruhe Institute of Technology

* Choose path C in complex plain to circumvent

_ C:R— AiIm(po)
poles: ' .
’"/ \“{ < t/
/+OO de (,-Y,pr'u + m) e—ipo(t—t/) :: £0 — —E/ - : >
—o0 (po — E)(po + E) Po=+E" Re(py)
* The bending of the integration path can be

avoided by shifting the poles by ¢.
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The Green's function (Nota Bene) ..\g(“.

Karlsruhe Institute of Technology

* Choose path C in complex plain to circumvent

_ C:R— o Ailm(po)
poles: ' .
y Ve
+o00 ; Po — —E —f— 22*(5 '
oo Po Po po = +E — i Felpo)
* The bending of the integration path can be

avoided by shifting the poles by ¢.
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The Green's function (Nota Bene) ..\X‘(IT

Karlsruhe Institute of Technology

* Choose path C in complex plain to circumvent

_ C:R— o Ailm(po)
poles: ' .
y Ve
+o00 ; Po — —E —f— 52*(5 '
oo Po Po po = +E — i Felpo)
* The bending of the integration path can be

avoided by shifting the poles by ¢.

= p? —m? + ie

e>0 (fermion propagator)
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= (pu+m)

: : ooy
Summary of time evolution 0= e €70

(Fermion propagator in momentum
space)

* Green's function (for ¢t > ¢/, forward evolution):

0 == o
Ko —a') = —i(2n) [ dop T2 JET . b tripta=s)

* Green's function (for t < t/, backward evolution):

0 o= .
K(x—2')=—i(2m)? /d?’ﬁ ok ;[;Yp tm. o HiE(t—t")+ip(Z—a')

* But why did | choose explicitly THIS integration path and not another one?
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Summary of time evolution

~

* The chosen integration path defines the time
evolution of the solution.

* General solution to (inhomogeneous) Dirac equation:

K(p) = et

e >0

P2 — m2 + e

(Fermion propagator in momentum

space)

o(t, T) = { éf dTR @

(', T

fort >t
fort <t

particle w/ pos. energy
traveling forward in time.

fd?) /¢

7={;
{“M
aaty

d3 /¢

73

Z)VK (z — 2')

')yt )

7))y K (x — ')

fort >t
for t < ¢t/

fort >t
for t <t/

fort >t
for t < ¢/

particle w/ pos. energy
traveling backward in time.

particle w/ neg. energy
traveling forward in time.

particle w/ neg. energy
traveling backward in time.

Institute of Experimental Particle Physics (IEKP)



The perturbative series ﬂ(".

Karlsruhe Institute of Technology
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The perturbative series

AT

Karlsruhe Institute of Technology

* The integral equation can be solved iteratively:

75

Uscat (1) = d(x) —e [ K(x — 2" )y* Ap(2")hscar (¢/)d 2’

0™ order perturbation theory:

O (z) = ¢(x)
1% order perturbation theory:

$O(2) = O ()
e [ K(x — 2/ )y Au (a0 (o) da

2" order perturbation theory:

$®(z) = O (2)
e [ K(z — o)y A ()0 D) (2! da?

(¢(x) = solution of
the homogeneous
Dirac equation)

» Just take ¢(x)as
solution (— boring).

« Assume that v () is
close enough to actual
solution on RHS.

« Take ¥V (z) as better
approximation at RHS
to solve inhomogene-
ous equation.
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The perturbative series ..\X‘(IT

Karlsruhe Institute of Technology

* The integral equation can be solved iteratively:

Vseat (1) = d(x) — e [ K(z — ')y A (2 )hsear (2/)d 2’ (¢(x) = solution of
the homogeneous
Dirac equation)

0™ order perturbation theory:

(0) _ » Just take ¢(x)as
Vi) = elw) solution (— boring).

1% order perturbation theory:

w(l)(x) — ¢(0)(x) « Assume that ¥©(z) is
close enough to actual
—e [ K(z — ')y Au (") () d*a’ solution ongRHS.

2" order perturbation theory:

$®(z) = O (2)
e [ K(z — o)y A ()00 (o) )da?

1o [ Kz — 2/ Au(@))K (@ — ")y A, (2o (o) dda/ da”
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The matrix element Sy; T

Karlsruhe Institute of Technology

* Sy, is obtained from the projection of the scattering wave ¥scat on ¢y = ¢(xy):

fd4$f¢f($f)¢scat Ty) fd4$f¢f($f)8¢z($f)
= by +S(1)+S(2)
\

“LO” / N
* 1% order perturbation theory: = 5 (9012\: b(zf)
r N
8(1) —e [d*z ’f d*z qbf(:cf) (xp — ")y A, (x")di(2))
J
-~

= —igs(2') = —ig(zy)
For E > 0 and t; > t' respectively.
p(zy) = —e [d*'K(zy— 2" )y A, (2" )d(a) cf. backup slide 52
p(x') = i/d?’ff p(x )V K (2 —xp) = —i/d3a§’f¢(a;f)70K(xf — 2") ¢f. backup slide 73

77 NB: the time integration has already been carried out for the backward Institute of Experimental Particle Physics (IEKP)
evolution from ¢ to ¢’ to arrive at the equation of backup slide 73.



The matrix element Sy; T

Karlsruhe Institute of Technology

* Sy, is obtained from the projection of the scattering wave ¥scat on ¢y = ¢(x):

fd4xf¢f($f)¢scat Ty) fd4$f¢f('rf)8¢l($f)
=5y +8<1> S 4
Q.
“LO” / Ao

1% order perturbation theory:

S = —e [ A%’ [ Ao () K (g — 2/ )y A (@) i)

SJ(C? =1 f d*z’e gf(xl)VuAu(f)@(x/) (1% order matrix element)

— _/
V

This corresponds exactly to the 1A term in £ (to be
compared with slide 25 in body of this lecture)
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The photon propagator ..\X‘(IT

Karlsruhe Institute of Technology

* The evolution of A, happens according to the inhomogeneous wave equation of the
photon field (in Lorentz gauge 9,,A* = 0)

(JAY = eJH

(++)

* We solve (++) again formally via the Green's function D*”(x — ') with the property:

ODH (x — 2') = g §*(x — 2')
AP (z) = e [ d*a' DM (z — o), (2))

79
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The photon propagator ..\X‘(IT

Karlsruhe Institute of Technology

* The evolution of A, happens according to the inhomogeneous wave equation of the
photon field (in Lorentz gauge 9,,A* = 0)

(JAY = eJH

(++)

* We solve (++) again formally via the Green's function D*”(x — ') with the property:

ODH (x — 2') = g §*(x — 2')
AP (z) = e [ d*a' DM (z — o), (2))

OAX (x) = e fd‘%’\DD“”(x — ") J, (') = eJH(x)

J

Y
g ot (x — ')

80
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Green's function in Fourier space (fast forward) _\\J(IT

itute of Technology

81

Check for the concrete form of the Green's function again first in Fourier space:
D*(x —g') = (2m)~* [ d*q D" (q)e— (=== (Fourier transform)

In analogy to the fermion case the defining property of D*”(x — x')in Fourier
space

. . i
2n)* [ dq (~) D (g)e e =

OD* (x — ')
_ (27T)_4/d4q gm/e—z’q(az—x’) _ g,uz/(sél(x o CE,)

(omitting the discussion of integral paths) leads to

—ghV

ﬁ““(q) = e e >0 (photon propagator)
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Green's function in Fourier space (fast forward) ﬂ(".

Karlsruhe In: e of Technology

* The Green's function can again be obtained from the inverse Fourier transform.

v —4 4 —iq(x—2a’
D# ($ o ) 27T fd q +ze€ 4 )
* We have now collected all pieces of

the puzzle to complete the cross
section calculation.

DID You E\J’E'F?-
GET THE FEELING THAT
WERE PART OF A
GMMD DESIGN?

BREIER I
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On the way to completion...

AT

Karlsruhe Institute of Technology

* Ansatz for target current:

u(pa)e™ P

ﬂ(p4)’yyu(p2)€i(p4_p2)w”

dp(x") =a(pa)e™ apy(a”)
eJ"(a") = ey (a")y i (a")

e .

* Combination with photon propagator to get the evolution of A4,

u(p2)
target

Au(a') = e [d'a" DM (z" —2")J" (")
—e- fd4 /! 27T 4fd4 .i;ju e@(p4_p2+q)x/16_iq$
q2+ie
= e [dq240" (ps — p2 + @) U(pa)y” u(p2)

U(pa)y u(ps)

* Ansatz for projectile current:

Oi(a') = ulpr)e P
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u(ps3)

u(p1)

projectile
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* 15t order matrix element:

, _ u(ps) u(pa)
Sy =i [dia'e gy(a)yr Au(a) ()
85(a") = W(pg) e
o u(p1) u(p2)
(") = —ip1T
bile’) = ulpr)e projectile target
Au(@) = e [d*q2L0% (pa — p2 + Qe u(ps)y u(p2)

’Sﬁ) — ’ie2 . /d4q /d4CE, ei(pS—pl—Q)gg’ ﬂ(pg)Vuu(Pl)qz -?:’;654(]94 —po+ Q)ﬂ(pzl)’)’VU(pQ)

-~

(2m)*6*(ps — p1 — q)

=i ((2m)%)" - / d*q 6*(ps — p1 — @)u(ps)y" u(p1) q;ff;e 04 (pa — p2 + Q)u(pa)y u(p2)
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